We demonstrate a novel approach for the real time visualization and quantification of the 3D spatial frequencies in an image domain. Our approach is based on the spectral encoding of spatial frequency principle and permits the formation of an image as a color map in which spatially separated spectral wavelengths correspond to the dominant 3D spatial frequencies of the object. We demonstrate that our approach can visualize and analyze the dominant axial internal structure for each image point in real time and with nanoscale sensitivity to structural changes. Computer modeling and experimental results of instantaneous color visualization and quantification of 3D structures of a model system and biological samples are presented.
Introduction
Microscopic imaging and accurate nanoscale quantification of the internal structures of an unlabeled three-dimensional (3D) object are of great importance to many fields, such as biology, medicine, materials science, and nanotechnology. The classical approach of reconstructing the 3D structure of an object is based on the collection of all the Fourier components of its 3D Fourier spectrum, followed by reconstruction of the scattering potential of the object [1] [2] [3] . Various methods have been developed to collect all accessible spatial frequencies, including changing the angular and spectral properties of the illumination wave [4] [5] [6] [7] [8] [9] [10] . Other methods to quantify structural information without reconstruction of the scattering potential include imaging light-scattering spectroscopy that utilizes spectral or angular elastic scattering dependences [11] [12] [13] [14] [15] [16] [17] [18] and direct analysis of the Fourier spectrum of the object [19, 20] ; methods based on the direct analysis of the Fourier spectrum [20] have been reported to provide less than 10 nm sensitivity to structural changes of 2D periodic objects.
Despite these advances, current techniques do not support real-time probing of 3D structures, especially at the nanoscale, due to limited resolution, accuracy, and sensitivity, especially in the axial direction. The real-time characterization of the sub-surface, internal structure of a 3D object in the axial direction at the nanoscale level remains a significant challenge.
Most of imaging microscopy techniques use an intensity-based contrast mechanism in which object parameters (absorption, scattering, optical density, birefringence, etc) are converted into an intensity distribution. It is known, however, that human eye can generally differentiate the variation in colors better than grayscale levels [21] . About 10 million colors can be distinguished by the human eye [22] . The advantages of color imaging were realized many years ago. Attempts to introduce pseudocolors to encode different parameters were published [23] [24] [25] [26] . In all of these methods, colors in the image were produced by either color filters or dispersion elements (diffraction gratings or spectral prism).
A novel imaging principle, spectral encoding of the spatial frequency principle, exploits the advantages of color imaging while achieving super-resolution [27] . This approach is based on encoding each local spatial frequency component of an object with a corresponding optical wavelength (or spectral color in the image). An important aspect of this approach is that the bandwidth of the transmitted spatial frequency from an object does not depend on the numerical aperture (NA) of the optical system. As a result, a wide bandwidth of spatial frequencies can be simultaneously passed through a low-NA optical system, allowing the observation of finer details that may not be resolved using conventional microscopy. Based on this principle, we recently developed a new technique, spectral contrast imaging microscopy (SCIM), for real-time, super-resolution imaging [28] . We showed the ability of SCIM to resolve 2D microscopic objects separated at a distance smaller than the diffraction-limited resolution of the optical system with superior image contrast.
In this paper, we exploit the ability of the spectral encoding of spatial frequency (SESF) principle for real-time quatification of axial structures at the nanoscale. Colors in real-time (Rt) SESF images are produced neither by the consumption of light energy (a well-known imaging contrast mechanisms such as absorption and emission), nor by using additional dispersion elements (diffraction gratings or prisms) or color filters [23] [24] [25] [26] . Instead these images are produced by the structure of the object itself. Rather than a traditional intensitybased image, a wavelength-based color map of dominant axial structure is formed with a single snapshot image acquisition. Although such an image does not achieve nanoscale spatial resolution, it quantifies the structural information of an object with nanoscale sensitivity and its accuracy is well beyond the resolution limit of conventional microscopy. We provide a brief theoretical presentation of our approach and demonstrate using model systems and biological samples the ability of SESF to achieve real-time quantitative structural imaging and characterization of 3D objects.
Theory

Translation of the 3D spatial frequency onto the image plane
In general the 3D structure of an object can be described using 3D scattering potential, or its Fourier transform [1, 2] . When a plane wave with a wide spectral bandwidth illuminates the object, the spatial frequencies in K-space (i.e. Fourier components of the 3D scattering potential) at a fixed illumination angle θ , under the Born approximation, can be represented as multiple Ewald's spheres with different radii (Fig. 1(a) ) [1] . Each Ewald's sphere corresponds to one specific wavelength and every point on the Ewald's sphere corresponds to a 3D spatial frequency vector whose components can be derived from the following expressions:
where 0 n is the refractive index, α is the scattering angle ( Fig. 1(a) ) and φ is the azimuthal angle. An optical imaging system generally has restricted access to the spatial frequencies of an object (i.e. Fourier components of the 3D scattering potential), corresponding to caps at the apex of Ewald's spheres [29] . The information about the accessible 3D spatial frequencies is presented on the Fourier plane as wavelength distribution. The spectral signal at each location can be measured and the 3D scattering potential can be further reconstructed by 3D inverse Fourier transform of the 3D Fourier components of the scattering potential, where integration extends over the accessible range [1] . This also forms the basis of optical diffractive tomography [4] . However, it is a time-consuming process and computationally intensive. Due to the limited accessible bandwidth in the Fourier space (determined by the NA of the optical system) and the integration procedure, such reconstruction significantly reduces the nanoscale structural sensitivity.
The Rt-SESF is essentially a simplified implementation of this concept by 2D inverse Fourier transform of the selected 3D Fourier components using an optical system. To overcome the limited accuracy of the reconstructed scattering potential via the Fourier transform [1] [2] [3] [4] , the Rt-SESF approach instead directly accesses the 3D spatial frequency, which can be quantified with nanoscale accuracy and sensitivity. Rt-SESF translates the structural information (3D spatial frequency), encoded as wavelengths, onto the image plane ( Fig. 1(b) ). The information about the dominant structure at each image point on the Rt-SESF image is presented as a corresponding spectral color (natural color, rather than pseudocolor), without compromising the sensitivity to nanoscale structural information.
In conventional microscopy the structural information about 3D spatial frequency in the image plane is hidden by the multi-frequency spectral signals from different illumination angles and predominant non-informative zero-order spectral and spatial-frequency signals that contribute to each image point. Therefore, the conventional white-light image usually does not present any structural colors.
In contrast, the Rt-SESF system performs spatial-spectral filtering (i.e., collimated broadband illumination with single spatial frequency for each wavelength, selection of the required spatial-spectral range and suppression of zero-order signal) to encode 3D spatial frequencies of the object with respective wavelengths. The encoded 3D spatial frequencies are passed through the imaging system and the dominant spatial frequency of the structure of the object at each image point is presented as a corresponding dominant wavelength or natural color, which can directly be visualized by human eyes. This colored Rt-SESF image can also be recorded using a color (RGB) camera in real time with a single snapshot.
Furthermore, in the reflection configuration, at normal illumination and within moderate NA (e.g., NA = 0.5) of the imaging system, the curvature in the accessible caps of Ewald's spheres is small ( Fig. 1(b) ). Thus the axial spatial frequency v z (or period H z = 1/v z ) at a given wavelength is only weakly dependent on the backscattering angle within a relatively small collection angular range. All scattered light, at different scattering angles within the collection angular range at a given wavelength, carry the information about one particular axial spatial frequency (period) (Fig. 2(a) ). In other words, a given wavelength carries the specific structural information characterized by one particular spatial frequency in the axial direction, independently of the lateral spatial frequency. Thus the axial spatial frequency is spectrally encoded. All scattered light within the collection angular range (all accessible lateral spatial frequency components) contribute to the signal at each image point and correspond to one specific axial spatial frequency at a given wavelength, thus establishing a one-to-one correspondence between wavelength and axial spatial frequency at each image point. As also suggested in Fig. 2(b) , the axial projection of the spatial frequency has much stronger dependence on the wavelength, than the lateral projection. As a result, the structural information (in the axial direction) at each image point, quantified by the axial spatial frequencies, can then be visualized and quantified in the image as a specific combination of these wavelengths, or the corresponding natural color ( Fig. 1(b) ). Therefore, for a moderate NA in the reflection configuration, the dominant axial spatial frequency of a 3D structure for each image point can be accessed directly from the image plane (potentially with nanoscale accuracy, as shown below), without explicitly locating its corresponding scattering angle (lateral spatial frequency) in the Fourier plane.
Quantitative estimation of the 3D spatial frequency
The quantitative information about axial structure can be obtained by determining of the dominant wavelength at each image point and calculated using Eq. (3). The accuracy is described by the maximal uncertainty for determining the axial spatial period at a normal incidence angle, which can be estimated using Eq. (4):
where α is the collected backscattering angle. For example, for a system with NA = 0.5 (lateral resolution is 0.7 microns), 30
α =°, for λ = 540 nm, 0 n = 1, the maximum theoretical uncertainty in determining axial spatial period is about 20 nm, and the estimated theoretical error is ± 10 nm for NA = 0.5 ( α = 20° is used to calculate the estimated theoretical error to get mid-value of this error with a symmetrical distribution, as shown in Fig. 2(c) ). Thus such an approximation provides a simple means to determine the dominant spatial period of 3D structure in the axial direction for each image point via direct analysis of the wavelength distribution in the image plane.
In the Rt-SESF system, the true-color of the spectrally encoded image is recorded in the RGB color space using a color CCD sensor. These RGB color space pixel data are transformed to the device independent of the CIE XYZ color space [30] , where the chromatic coordinates of the pixel color are associated with the closest dominant wavelength on the curved spectral locus. We have employed this method to quantify SCIM images [28] . A similar approach has also been used by Clancy et al. [31] . Fig. 2 . In the reflection configuration, (a) the dependence of axial (red) and lateral (green) spatial periods on the backscattering angle (α) at the given wavelength of 500 nm; (b) the dependence of axial (red) and lateral (green) spatial frequency on the wavelength (α = 15⁰); and (c) the dependence of axial spatial periods on the backscattering angle, which shows the uncertainty in quantification of the axial spatial periods within a moderate collection angle of 30⁰. ∆Hz is defined as the maximum theoretical uncertainty.
The Xrite mini color checker was used to compute the matrix that defines the linear transform between the RGB color space of the sensor and the CIE XYZ color space. The required measurements along with the sensor noise, however, can potentially introduce deviations in our dominant wavelength calculation. To reduce this potential source of error we computed the wavelength corresponding to three MaxLine laser clean-up filters (Semrock) with precisely defined laser lines (442 nm, 543 nm, and 633 nm) covering the optical range of interest. Based on these measurements we computed a quadratic polynomial regression curve to correct for errors. We determined that the errors in our dominant wavelength calculation have an upper bound of 17 nm, which is referred to as estimated spectral resolution.
The sensitivity to structural changes can be estimated using next expression:
where λ ∆ is the minimum wavelength change that can be determined and α =°, λ = 540 nm, 0 n = 1, the structural sensitivity in the axial direction is about 9 z H δ = nm. These theoretical estimations demonstrate that the quantitative characterization of axial structure using our Rt-SESF approach can be performed with nanoscale accuracy and sensitivity. These data also show (Fig. 2(c) ) that for low-NA imaging system (large field-ofview imaging), our approach provides even better accuracy for characterization of the axial structure.
Computer modeling
Next, we performed a proof-of-concept demonstration using a numerically constructed 3D object of 20 by 20 by 20 µm using a 3D grid at a lateral spatial resolution of 250 nm and an axial spatial resolution of 50 nm. The 3D object was sub-divided into a 2 by 2 lateral square block, with each square block having a different dominant axial spatial structure (Fig. 3(a) ). The dominant axial structure in each of the four blocks has a well-defined periodicity in the axial direction with a spatial period of 200 nm, 250 nm, 300nm, and 350 nm, respectively. For each block, a Gaussian stochastic process with randomly chosen correlation lengths ranging from 250 nm to 1 µm was superimposed onto each of the dominant spatial structures as a secondary structure added at each point to increase the complexity of our 3-D object. Such 3D model bears a certain level of complexity, as often present in biological samples. The energy in both the dominant and secondary structures was normalized to one, giving us a consistent signal-to-noise ratio, to ensure that the simulated spectral response was only a function of structure, not the scattering intensity. Figure 3(a) shows the two representative spatial profiles of the axial structures for different regions of the object. In the numerical simulation, light from a broadband source illuminates the object and the backscattered light within the collection NA of the imaging system (NA = 0.5, the same NA as that used in the experiment) is collected and spectrally encoded, as described above in Section 2.1, to provide one-to-one correspondence between spatial frequency and wavelength. These spatial frequencies correspond to spectral wavelength of 400 nm, 500 nm, 600 nm, and 700 nm, respectively. Consequently, as shown in Rt-SESF image (Fig. 3(c) ), the four dominant axial spatial structures are respectively encoded by the four distinct spectral colors on the image plane. In contrast, in the conventional bright-field image without spectral encoding, shown in Fig. 3(b) , the four areas with different axial structures cannot be easily distinguished. Quantitative estimation of the spatial period of the dominant axial structure is also presented in the colorbar of Fig. 3(c) , based on the color-vision algorithm (Section 2.2) and Eq. (3). It should be noted that a small difference of only 50 nm in the axial spatial period exhibits a distinct spectral color difference in the Rt-SESF image, indicating its nanoscale sensitivity. This result also suggests that in the reflection configuration within a modest NA, the spectral color from a 3D object is mainly affected by the variation in axial spatial frequency, rather than in lateral spatial frequency, consistent with our theoretical prediction (Section 2.1).
Experimental setup
The schematic of our Rt-SESF system is shown in Fig. 4 . We used a reflection configuration at normal illumination. Parallel white-light wave (Xenon lamp 150W, Oriel), collected by the objective lens with an NA of 0.5, was filtered in the Fourier plane (FP) to provide the required bandwidth of spatial frequencies and spectral range (the details of the Fourier filter are described in Section 5.1 and 5.2). The Rt-SESF images, Fourier plane images and bright-field images were recorded using color CCD cameras (AxioCam HRc) based on a commercial microscope AXIO Observer Z1 (Carl Zeiss). The specific color at each point of the recorded color images provides information about corresponding dominant spatial frequency (period) of the structure of an object at a given location. The color image in the Fourier-plane allows us to visualize the dependence of spectral colors on the lateral spatial frequency, while the color image in the image-plane provides the color-encoded information about spatial frequency from each image pixel. The color images were processed to convert color distribution into the dominant wavelength distributions and then into the dominant spatial periods distributions, as described in Section 2.2. 
Experiments and results
Quantitative visualization of the lateral structure of 2D object
We next demonstrate the principle of Rt-SESF quantitative structural imaging using a thin 2D object, a high-resolution (HR) US Air Force (USAF) target. Given that this is a 2D object with v z = 0, the scattering vector K is in v x-v y plane ( Fig. 1(a) ). Figures 5(a)-5(b) present the conventional bright-field images of the HR USAF target with a magnified portion of group 8 shown in Fig. 5(c) . In the case of a 2D object, the off-axis pinhole-like spatial Fourier filter was selected to capture the whole range of spatial frequencies of group 8 (spatial frequencies of the elements are 287, 323, 362, 406 and 456 1/mm) in a given direction, encoded as the visible range of wavelengths [25, 26] . The different spectral colors, presented on the Rt-SESF images, quantitatively describe the spatial frequencies of the microstructure with the horizontal (Fig. 5(d) ) and the vertical (Fig. 5(e) ) orientations for each element. The descriptive color on the Rt-SESF image was then converted into its corresponding dominant wavelength, based on the color vision algorithm (Section 2.2). The spatial frequencies of the 2D structure for each element can be calculated using Eqs. (1-2) . The results, shown in the colorbar of Fig. 5 , are in good agreement with the manufacturer's specification. Such structural information cannot be quantified from the conventional image that is formed using the optics with the same resolution.
Quantitative visualization of the axial structure
To experimentally demonstrate the ability of our Rt-SESF approach to probe with nanoscale sensitivity the axial structure of a complex 3D object we used multilayer nanosphere aggregates consisting of nanospheres of known sizes (Thermo Fisher Scientific) 125 ± 3 nm, σ = 4.5 nm; 147 ± 3 nm, σ = 4.3 nm; 203 ± 5 nm, σ = 4.7 nm; 240 ± 5 nm, σ = 3.7 nm according to manufacturer's specification, where σ is a standard deviation. An aliquot of about 10 l 6(b)) [32, 33] . The optical thickness of the nanosphere aggregate, measured using an interferometry setup [34] , was about 30 microns, suggesting a multi-layer structure. Such a multilayer nanosphere aggregate produces a 3D quasi-periodic structure in which the spatial periods depend on nanosphere size and packing, while also introduces some complexity and can serve as a surrogate cell phantom.
To collect the spectral signals for all accessible scattering and azimuthal angles simultaneously, the annular-shaped Fourier mask was implemented as a Fourier filter. The annular Fourier mask suppresses the zero-order signal and removes the contribution of zeroorder broadband spectrum from each image point, to provide spectral encoding of the axial spatial frequency at proper illumination (as described in Section 2.1). On the other hand, the annular Fourier mask also effectively uses the NA of the optical system (reasonably large collection angular range) to form a relatively high resolution image. After such spatialspectral filtering (described in Section 2.1), a specific color signature is formed for each local structure of the object. The Rt-SESF images were recorded simultaneously along with the images in the Fourier plane (FP) using the optical system shown in Fig. 4 . All images were recorded using an objective lens with NA = 0.5. Figure 6 shows conventional bright-field (Fig. 6(c) ) and corresponding Rt-SESF images (Fig. 6(d) ) of nanosphere aggregates. The nanospheres, whose sizes (and lateral spatial periods) are well beyond the lateral resolution limit of our optical system, are indistinguishable in the conventional images (Fig. 6(c) ). No spatial information about such a lateral structure can be passed through the optical system, but such structural information in the axial direction can be passed through the optical system using SESF, as suggested in Figs.  2(a)-2(b) . The nanoscale size differences are clearly presented as distinct colors in the Rt-SESF images (Fig. 6(d) ) and in the Fourier-plane images (Fig. 6(e) ). The Fourier-plane images in Fig. 6 (e) clearly show the projections of different caps of Ewald's spheres (Fig. 1) which correspond to different wavelengths (and different axial spatial frequencies (periods)). The dominant colors in each Rt-SESF image and in the corresponding Fourier plane are directly correlated with the dominant spatial frequency of the axial structure, which depends on the nanosphere size. As the size of nanospheres increases, the corresponding axial spatial frequency decreases and the Rt-SESF image exhibits a progressively red-shifted color as predicted by Eq. (3). The average values of the calculated dominant wavelengths, shown in Fig. 6 (f) also show a progressive increase. One can see that even a 25 nm difference in nanosphere size can be easily distinguished by the spectral color shift.
The distribution of the calculated dominant axial spatial periods in the Fourier plane images (Fig. 6(e) ) is presented in Fig. 6(g ). Figures 6(e) and 6(g) also confirm our previous theoretical prediction (shown in Eq. (3) and Fig. 2(a) ) that the axial spatial frequency has a weak dependence on the on backscattering angle (i.e., lateral coordinates in the Fourier plane). The distinct colors shown in Fig. 6 (e) also confirm that they correspond to the axial projection of the dominant spatial frequency, rather than the lateral spatial frequency. Even if the lateral spatial frequency would be small enough to be passed through the optical system, to form such a Fourier-plane image with a distinct color as shown in Fig. 6(e) , the lateral structures must select the light with the same wavelength for all diffraction angles and suppress the light with all other wavelengths within the broad spectral range of the illumination light, which is not possible. As suggested by Fig. 6(h) , the lateral structure cannot form such uniform color distribution in the Fourier plane. Thus the colors in the Rt-SESF images (Fig. 6(d) ) indeed represent the axial structure. Further, it should be noted that the calculated value of the dominant spatial period is essentially the spatial period in the axial direction, not the size of the nanosphere. As the nanosphere aggregate is formed by self-assembling process [32, 33] , the axial spatial period is approximately relative to diameter d of nanospheres as cos
, where γ changes from 0 to 30⁰ (Fig. 6(b) ), depending on the packing configuration of nanosphere aggregates (proportional to nanosphere size). The measured axial periods for larger nanospheres (203 nm and 200 nm) in Fig. 6 (g) are in a good agreement with our theoretical prediction for γ = 30⁰ (corresponding to 176 nm and 208 nm). For smaller nanospheres (125 nm and 147 nm), the measured periods are larger than the theoretical values, suggesting a possible gap between different layers of the nanosphere aggregate.
Quantitative characterization of the axial structure of cervical cells
To evaluate the ability of Rt-SESF to detect structural changes in pre-cancerous cells, we analyzed the cervical cytology specimens from 9 patients diagnosed with negative intraepithelial lesion or malignancy (NILM, normal group) and 9 patients diagnosed with high-grade squamous intraepithelial lesion (HSIL, high-grade pre-cancerous group). Figure 7 shows the conventional bright-field (Figs. 7(a) and 7(c) ) and the corresponding Rt-SESF images (Fig. 7(b) and 7(d) ) for the unstained normal squamous cells from a patient with NILM ( Fig. 7(a-b) ) and the high-grade precancerous cells labeled as HSIL from a patient with a HSIL cytology diagnosis (Figs. 7(c)-7(d) ) made by the expert pathologist. Although the conventional images show the size difference of cell nuclei, they do not clearly reveal the sub-cellular internal structures. However, the Rt-SESF images exhibit distinct differences in colors (wavelengths). For patients with high-grade precancerous cells, the colors within the cell nuclei are clearly red-shifted in Rt-SESF images (Fig. 7(d) ), compared with those from normal cells (Fig. 7(b) ). This color shift suggests an increased spatial period in the axial intra-nuclear structure of the precancerous cells. The dominant axial structure within the nuclei is further quantified as the axial spatial period (H z ), using the average refractive index of 1.39 [35] , and is presented in the colorbar. To confirm that such a structural change is also statistically significant, we analyzed a total of 18 patients (9 patients with NILM and 9 patients with HSIL). For each patient, we evaluated 10-20 cells and took the average value of the dominant wavelengths and their corresponding average dominant axial spatial periods as a representative value for the patient. We then performed Student's t-test (Microsoft Excel 2007) to obtain two-sided P values (assuming unequal variances). As shown in Fig. 7 (e) and 7(f), both the average dominant wavelength and the corresponding axial spatial period show statistically significant differences between NILM and HSIL (P = 0.006). Figures 7(e)-7(f) suggest that the internal structures of the high-grade pre-cancerous cell nuclei exhibit an increased size in the dominant axial structure compared with those in normal cells from the NILM patients. These findings demonstrate the potential of Rt-SESF to detect the subtle structural changes in pre-cancerous cells that are not visible using conventional microscopy.
Summary
We introduce a novel approach, spectral encoding of spatial frequency (Rt-SESF) for realtime imaging and quantitative characterization of the internal structure of a 3D object with nanoscale sensitivity. The axial spatial frequency (or periods) of the dominant structure are presented as a 2D color map, which can be captured in real time, with a single snapshot using a color CCD camera. Our theoretical analysis demonstrates that quantitative estimation of the dominant axial structure can be obtained with nanoscale accuracy and sensitivity, by measuring the dominant wavelength at a given location of the Rt-SESF image. We have verified our approach, at nanoscale sensitivity, with both computer modeling and experiments using a model system of nanosphere aggregates. We also demonstrate the ability of Rt-SESF to detect the subtle internal structural changes within the nuclei of pre-cancerous cervical cells, that cannot be seen using conventional microscopy. Potential applications of our technique can be very broad, from clinical cancer detection and basic biomedical research, to nanotechnology and material science, and from microscopic to macroscopic imaging.
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